Abstract. In this paper we characterize (octal) bent generalized Boolean functions defined on Z n 2 with values in Z8. Moreover, we propose several constructions of such generalized bent functions for both n even and n odd.
Introduction
Several generalizations of Boolean functions have been proposed in the recent years and the effect of the Walsh-Hadamard transform on them has been studied [8, 12, 13] . The natural generalizations of bent functions in the Boolean case, namely generalized functions which have flat spectra with respect to the WalshHadamard transform are of special interest.
Let the set of integers, real numbers and complex numbers be denoted by Z, R and C, respectively. By Z r we denote the ring of integers modulo r. A function from Z n 2 to Z 2 is said to be a Boolean function on n variables and the set of all such functions is denoted by B n . A function from Z n 2 to Z q (q a positive integer) is said to be a generalized Boolean function on n variables [13] . We denote the set of such functions by GB q n . We will consider these functions with an emphasis on q = 8.
Any element x ∈ Z
(ii) If f, g ∈ B n , then
(iii) Taking the particular case f = g we obtain
(iv) A Boolean function f is bent if and only if C f (u) = 0 at all nonzero points u ∈ Z n 2 . (v) For any f ∈ B n , the Parseval's identity holds
For more properties of these transforms and Boolean functions, the interested reader can consult [1, 2, 3] . The properties of the Walsh-Hadamard transform on generalized Boolean functions are similar to the Boolean function case.
Theorem 2 We have:
(i) Let f ∈ GB q n . The inverse of the Walsh-Hadamard transform is given by
(iv) If f ∈ GB q n , then f is gbent if and only if
(v) Moreover, the (generalized) Parseval's identity holds
3 The Walsh-Hadamard Transform on components
Let ζ = e 2πı/q be a q-primitive root of unity. Let f be written as
For brevity, we use the notations ζ i := ζ 2 i . It is easy to see that, for s ∈ Z 2 , we have
and so, we have the identities ζ
and
and so, we obtain the next result.
where
In the next section we will redo some of these calculations, for the particular case q = 8, which will allow us to completely describe the generalized bent Boolean functions in that case.
In this section we extend the result of Solé and Tokareva [13] 
2 (1+ı) be the 8-primitive root of unity. Every function f : Z n 2 → Z 8 can be written as
where a i (x) are Boolean functions, and '+ ′ is the addition modulo 8. We prove the next lemma, which gives the connection between Walsh-Hadamard transforms of f and it components as in (6) .
n as in (6) . Then,
,
Proof. We compute
Use formula (5) with z = ı and z = ζ in equation (7), and obtain
from which we derive our result. ⊓ ⊔
Corollary 5
With the notations of the previous lemma, we have
where, we use for brevity,
Proof. By replacing α i , ζ by their complex representations, the corollary follows in a rather straightforward, albeit tedious manner. ⊓ ⊔
n as in (6) . Then:
with their values satisfying ( * ).
Proof. We use the W, X, Y, Z notations of Corollary 5. First, assume that a 2 , a 0 ⊕ a 2 , a 1 ⊕ a 2 , a 0 ⊕ a 1 ⊕ a 2 are all bent (respectively, semi-bent). Then, replacing the corresponding values of the Walsh-Hadamard transforms in equation (8) (and using the imposed condition (*) on the Walsh-Hadamard coefficients) we obtain
and so, |H f (u)| = 1, that is, f is gbent. Conversely, we assume that f is gbent, and so,
which prompts the system
We are looking for solutions in 2 −n/2 Z (a subset of Q, if n is even or √ 2 Q, if n is odd).
We look at equation (10), initially, and apply Jacobi's four squares theorem (see [7] , for instance). Case (i). Let n = 2k be even. Thus, W, X, Y, Z are all rational (certainly, not all 0). Write
, and replace (9) and (10) by the system in integers
Now, by Jacobi's four-squares theorem, we know there are exactly 24 solutions of (12) , which are all variations in ± sign and order of (±2
Further, it is straightforward to check that among these 24 solutions, only the eight tuples (X ′ , Y ′ , W ′ , Z ′ ) in the list below are also satisfying equation (11),
This implies that (X, Y, W, Z) ∈ 2 −n/2 Z 4 are any of the following:
and (i) is shown (one can check easily that these solutions also satisfy condition ( * )). Case (ii). Let n = 2k + 1 be odd. Then, at least one of X, Y, W, Z is nonzero and belongs to √ 2 Q). As before, write
and so, by Jacobi's four-squares theorem, equation (15) has exactly 24 solutions, which are all variations in ± sign and order of (±2 k+1 , ±2 k+1 , 0, 0). Further, it is straightforward to check that among these 24 solutions, the eight tuples (X ′ , Y ′ , W ′ , Z ′ ) in the list below are also satisfying equation (14),
Thus, the solutions (X, Y, W, Z) to (9) and (10) are
which also satisfy condition (*), and (ii) is shown. ⊓ ⊔
Constructions of generalized bent functions in Z 8
In this section we define several classes of generalized bent Boolean functions.
where a, b, c ∈ B n such that all a, b, c, a ⊕ c, b ⊕ c and a ⊕ b are bent satisfying
Proof. We compute the Walsh-Hadamard coefficients (using the fact that ζ = 1 √ 2
(1 + ı) and ζ 2 = ı)
Applying equation (5) with (z, s) = (ı, c(x)), that is,
we obtain
Therefore, the real and the imaginary parts of cH f (u, v, w) are
and so,
Further, from the imposed conditions on these functions' Walsh-Hadamard coefficients, we see that 
where ǫ ∈ {1, −1}, a, b, c ∈ B n such that all c, a ⊕ c, b ⊕ c and a ⊕ b ⊕ c are bent, with
then f is gbent in GB 8 n+2 .
Proof. As in the proof of Theorem 7, we compute the Walsh-Hadamard coefficients, obtaining
using the fact that ζ 2+2ǫ = −ǫ, for ǫ ∈ {1, −1}. Taking the square of the complex norm, we get 
where ǫ ∈ {1, −1}. Then f is gbent in GB 
where ǫ ∈ {1, −1}, a, c ∈ B n such that a, c, a ⊕ c are all bent, then g is gbent in GB 
where ǫ ∈ {1, −1}. Then h is gbent in GB Proof. We will show the first claim, since the proof of the remaining ones are absolutely similar. As in the proof of Theorem 7, the Walsh-Hadamard coefficients at an arbitrary input (u, v) are √ 2H f (u, v) = W c (u) + ı ǫ (−1) v W a (u) = W c (u) + ǫ ı(−1) v W a (u), and so,
If a, c are bent, then |W c (u)| = |W a (u)| = 1, and so |H f (u, v)| = 1, that is f is gbent. If f is gbent, then the equation W c (u) 2 + W a (u) 2 = 2 has as rational solutions only |W c (u)| = |W a (u)| = 1, and so, a, c are bent.
⊓ ⊔
